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= _  3:Hi =  _  ei ea (r2~ ̂ i) -l/j _
1 Sfj 4 ti r3 \ c2

(20)

Damit hat sich unsere Vermutung bezüglich Formel 

(11) bestätigt.

Diese letzte Gleichung resultiert auch sofort aus 

transformationstheoretischen Gründen: Die Kraft­

dichte ku transformiert sich bei einer speziellen 

LoRENTz-Transformation wie ein Vierervektor, so 

daß

k\y — k\y

eilt. Da sich das Volumelement wie

dV1' = dV1 V l- K ^ /c2 

transformiert, ergibt sich für die Kraft

Identifizieren wir das ungestrichene Bezugssystem 

mit dem Ruhsystem der beiden Teilchen, in dem für 

K\y die COULOMB-Kraft steht, so finden wir genau 

(20).
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It is supposed that there exists a system O' (intrinsic system) in which the field equation for a 
spin i  representation has the simple form yf* dyj'/dxf*' =0. This system is related to the physical 
system (in which all measurements are performed) by an affine connection which is induced by a 
certain group of local transformations. The investigation given here deals with the group of local 
four-dimensional complex orthogonal transformations. Subjecting xp' to such a transformation Q  
one gets with xp' (x') =  Q  (x) xp (x) the following equation y^dxp/dx^ + y^-dQ/dx^-xp =  0 . The 
interaction term splits up into a vector and a pseudovector part: yI düßx^ =  y y 5 P^.
The special cases of real local orthogonal ( L o r e n t z -) transformations ( £ ^ / t=  —  ; £ k l  real, £ 4 1 

imaginary; xp—>x) and special complex local orthogonal transformations blXu=  uX:> Vkl imagi­
nary, rj4i real; xp-*-cp) are first separately considered. It is required that V̂  and P are to be built 
up from the fundamental covariants of the field. In order that certain conservation laws hold at 
least approximately, the following assumptions are made:

Im {V k} =  ±k2 <PYk<P , R e{V4} = ± k 2yyi (p , Im {Pk} =  ± I2 Xyk ys X » Re iPi} =  ± XYx Ya X 

together with the symmetry conditions for the transformation parameters, £x[u,v] =  0, 

which can be fulfilled by setting, for example, , Vlu= &[l,u] • The remaining
parts of Vx and P% , which are determined by these relations, are of higher order and can be as­
sumed to describe weaker interactions. Neglecting these terms one obtains the following set of 
equations:

(a) y ldxßx l ±k2yl{ <f>yxcp) x ± I2 Yx Y5 ( X Y\ 7s X) X ~  0 »

(b) yl dy/dx* ±k2 yH<pyx <p) (p±l2 y>- y5 (XYlYs X) <P~ 0.

Since the pseudovector coupling possesses a greater symmetry, it is assumed that /  represents the 
baryon and (p the lepton states. Within the approximation, which holds with (a) and (b), it follows 
the conservation of X Yx X ar*d Y\ <P resp. (conservation of electric charge) and XYxYsX anc* 
cp yxYsW resp. (conservation of barvonic and leptonic charge resp.). These conservation laws are 
exact only if the mentioned terms of higher order are neglected; this is equivalent to a strict 
“local” conservation as can be shown. As to the isospin it is proposed to replace one of its com­
ponents by a bounded state, i. e. a mixture of y- and ^-states which would lead in the case of the 
neutron for example to the components of the /5-decay. Due to the relations ± k2 (p y*- (p= %

+ 0(rj2) and Vxu=^[x,n] » and in agreement with the reality conditions, it is possible to connect 
the parameters d'x with the electromagnetic field AK by setting =  Taking into considera­
tion terms of higher order this would lead to a type of nonlinear electrodynamics.

I n  two papers  *’ 2 recen tly  p u b lis h e d , i t  has  been 

show n  tha t the n o n lin e a r  te rm  o f the H e is e n b e r g — 

PAULi-equation can  be in te rp re te d  as a n  a ff in e  c o n ­

1 V. I. R o d ic e v , Soviet Phys.—JETP 40, 1169 [1961].

nec tio n  which is induced by local LoRENTZ-transfor- 

mations. The heuristic principle which leads to this 

result can be outlined as follows: Suppose there

2 G. B r a u n s s ,  Z. Naturforschg. 19 a , 825 [1964].
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exists always a system O' (“intrinsic” system) in 

which the field equations are as simple as possible, 

i. e. linear. This system is related to the “physical” 

system 0  (in which all measurements are perform­

ed) by an affine connection. This connection is in­

duced by a certain group of local transformations. 

Changing from O' to 0  these transformations pro­

duce in the field equations additional terms which 

may be interpreted as describing interactions 3. Since 

the corresponding transformations are restricted by 

certain conditions, such as reality conditions, one 

may expect only certain types of interaction. This 

procedure leads of course not to any simplifications 

as far as practical calculations are considered. But 

it permits a classification of interactions with respect 

to the corresponding affine connections resp. the 

groups which induce these connections. Furthermore, 

it may be of advantage to use this point of view 

for the quantization of the field: Since the field 

equations are linear with respect to 0  one can write 

down immediately the commutator function in the 

“intrinsic” system and then pass over to the “physi­

cal” system by means of the corresponding local 

transformation which has of course to be determined 

as a solution of the nonlinear equation in 0. (This 

reminds of the procedure one uses in the interaction 

picture and is apparently related to it.) However, 

we shall not deal here with this problem but treat 

the field throughout as a classical one. As to the 

affine connections we restrict ourselves to those 

which are induced by the group 0 4 of (proper) local 

fourdimensional complex orthogonal transforma­

tions.

I.

In the case of a field with a spin i  representation, 

which we regard as fundamental for well known 

reasons, we assume the following equation to be the 

most simple one with respect to the “intrinsic” 

system:

Since we shall permit not only real but in general 

complex orthogonal transformations, we must as­

sume xp' (x') to be a four-component spinor by tak­

ing into consideration that we have the following

3 The introduction of additional terms in the D ir a c - and
K.LEi\-G0RD0N-equati0n on the basis of local transforma­
tions has been studied by several authors; see for example 
A. M. B r o d s k ij  et al., Soviet Phys.-JETP 1 4 , 930 [1962].

homomorphism: 0 4 ~ C2 X C2 . Hence, y  is reducible 

to a two-component spinor only if we consider real 

or special complex transformations. One might ob­

ject that a complex orthogonal transformation leaves 

the norm invariant yet “mixes up” the real and 

imaginary components and has therefore no sense. 

To answer this we point to the fact that such a mix­

ing happens only in the “intrinsic” system, whereas 

all measurements have to be performed in the “phys­

ical” system which has by condition the right reality 

properties (x1, x2, x3 real, x4 imaginary). This will 

become clearer from the following.

Let Q = Q(x) be a complex orthogonal transfor­

mation. Taking a representation in the D ir a c  ring 

we can define such a transformation by

Q = exp{£ <x>6o y° y°j , (ooa= - (o og. (2)

With

U)qo = Q̂O + V]qO , £QO = - lno ) rjQ0= - tjoQ (3)

and the reality conditions

h i ,  Vu real; £«» Vki imaginary (k ,l =  1, 2, 3) (4) 

we may write

L = L(, H x )) , A - A (n (x ))  (5)

where L denotes a real transformation (L o ren t z- 

transformation) and A  a transformation which we 

will call a special complex transformation. By writ­

ing down an infinitesimal transformation we 

may prove the following relations ((c^) + = (c*,-) >

(<■«.) T= (c„))t 

L *-y4 L* 74 - L-\ A  =  y4 A* = A . (6a,b)

Introducing S c h w in g e r ’s matrix which is defined by

C y-“ C~x = - yf,T, C y5 C~x = y5T, (7 a, b)

we obtain further

C“ 1 LTC = L-\ C~x A TC = A~\ C-1 Q TC = Q~K

(8 a, b, c)

Since Q  is an orthogonal transformation we have

Q yl = axQ yQ, cuQ a /  = dxu . (9)

Now, if we subject ip'(x') to an orthogonal trans­

formation by

yj'{x') = Q(x) ip(x) (10)

we get from (1) with (9) and a,u = dx*/dx‘u’

0 (11)
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Using the following formula for the derivative of an 

operator exponential 4, 

l

A  eA(y) =  eA^  f  e~- d £ , (1 2 )
d y J  d y

0

we get with (2) and (9) (comma denotes partial 

differentiation)

l

yl =  x  ^ ^ ^ 0)oo,x j*a?n^  a^ (£ )  (13)
0

where

e-£a> yX et<o = aXn{£) y1*, a> = % coQayg y°. (14) 

With the abbreviations

l

CaßX = ~CßaX =  i  (JOqo,X J Cl-a(C) d0ß(£) d£ (15)
0

and

C ( qot') =  C n o t C otq ~{~ C  too ,  (  O  ^  O  4 ^  T Q )  ( 1 6 )

we obtain finally

yxO~1 = yx Cx0Q + yxys( - l ) ; C<eCTT> (A + e ,o ,r).

!  ( 1 7 )  
It is obvious that

Vx =  C // resp. P* =  ( — 1)x C<ear> (/ 4= £, o, r)

(18 a, b)

are the components of a vector and a pseudo­

vector respectively. We may further conclude that 

CXu v —  — C uXv are the components of an affine con­

nection 5.

Going bade to (13) we see that all the following 

equations remain unaltered if we replace Q  by Q0 Q  

where Q 0 is a constant nonsingular matrix. Hence, 

we may choose our initial condition in a way that 

at a fixed but arbitrary point x = x0 we have 

Q(x0) = 1 which gives with

Ctfy = COXu, V (x0) + aHa, vq (x0) (xs - x0s) + . . .

the identities

Ve,0{x0) =  0 , PQ,n(x0) =  0 . (19 a, b)

II.

If we restrict ourselves to real orthogonal trans­

formations with coxu = $x.u , we have 0 4 = N4 ~ C2

4 Y. L. D a le t s k i j  a n d  S. G. K re in . D o k l.  A k a d . N a u k  SSSR 
76, 1 [1951].

5 W e  re ca ll t h a t  a n  a ffin e  co nn e c t io n  is u s u a lly  in tro d u c e d  

b y  the  concep t o f p a ra lle l d is p la c e m e n t :  T he  in f in ite s im a l 

change  w h ich  a vecto r u n de rgoes  i f  d is p la c e d  a lo n g  a curve

and the representation becomes reducible to a two- 

component one. Yet for the sake of formal simplicity 

we shall use the four-component notation. We denote 

the spinor here by X and mark the vector and 

pseudovector by an upper index: Vx^ =  Vx(L) , 

Px(L- =  Px(L). The reality properties can be ob­

tained from (17). We find

Vk(L\ P4W real; V jL\PkW imaginary (20)

(* = 1 ,2 ,3 ) .

The question we shall ask now is: How to identify 

Vx(L) and Px(L)? Since we consider in the sense of 

H e is e n b e r g  the spinor field as fundamental, Vx(L) 

and Px^  must be covariants of the field. Taking 

into consideration the reality conditions this would 

suggest V x ~ i% yx X  and Px̂ L) ~Xyxy5X' But the 

first of these relations must be excluded for the fol­

lowing reason: If we write down the field equation 

we have

yx- ^ + y xVx('L) x + yl y5 P ^  X = 0 .  (21a)
OX*•

Taking the adjoint we get

yx + x Vxw  yx - x Px^ yx y5 =  0 (21b)
OP

from which it follows that the conservation laws for 

X yx X and X yx y5 X (conservation of electric and 

baryonic charge) do not hold unless V x^  vanishes 

resp. is sufficiently small. An identical vanishing 

is not possible, except if we assume %Xu, v =  0 which 

would destroy also Pi^L\ But we can obtain an ap­

proximate validity of these conservation laws which 

means, as we shall see, that they hold exactly only 

locally, that is under strong interaction. For this 

purpose we impose on the the following con­

dition

iXa, v + £xv,u =  0 . (22)
This can be satisfied if we assume for example

X̂a, v =  7l[X 3Tft, v] (23)

whidi means a total antisymmetrization. Thus there 

remain four independent parameters nx according 

to the number of components of a total antisym­

metric tensor of third rank (pseudovector). This 

leaves

Px̂ L) = ± I2 X yx y5 X > 1 =  const. (24)

r =  r(x) is given by dq^= — C^Q0 g?(dx°/dr) dr . If one re­

quires that the norm of a vector should remain unaltered 
one obtains in the case of a euclidean metric the condition

CXfiv= ~Cf<Xv •
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w h ich  g ives the w e ll k n o w n  H e is e n b e r g —PAULi-term. 

H ence , V xIL̂ is a lre ady  d e te rm in e d  b y  (24). We p r o ­

ceed in  d e m o n s tra tin g  the a p p ro x im a te  v a lid ity  o f 

the co n se rva tio n  law s fo r  x y* X and X yi 75 X • D ue  

to (2 2 )  we have

£̂ ,£> =  0 .  £<*//,»> =  3 • (25 a, b ) 

Now, since we have from (14)

ax,u(C) = bxu + £ coin + 0(a)2) (26) 

it follows, expanding (13),

yX Q - 1 y x y.“  y *  ( ( ü aß, X -  0 0 ° [a 00ß] o ,x )  +  0 ( t 0 2 ) .  
Ox* 4

(27)

From this we get with Oixa = hu and (25 a, b)

Vx^ = - h ( ^ ^ ) ,< >  + 0 (£3) ~ 0 (£ 2), (28a)

Px(L)=  ± l2xyxy$X = ( - 1 ) ; 4 ( 3 IW  +r<G.^T>a) + 0(|3) ~ 0(|) (o+ ö + t + ,0 ; ;.+ o ,o ,t) . (28b) 

Hence we have from (21 a, b)

(xys x),o + 0 (£ 2) = 0 ,  (xys75 x),o + 0 (^2) = 0 (29 a, b)

which shows that the conservation laws hold in general only approximately up to terms of second order 

[however, we have V^L) + 0(|3) =0]. The assertion we have made above, namely that the conservation 

laws hold exactly under strong interactions, will become clear from the following: As we have pointed out 

in the preceding chapter, we may choose our initial condition always in a way that at a fixed but arbitrary 

point x = x0 we have £;.u(:r0) = 0  and hence

P i(L)U=z„ = ( - l ) * f  = ± l2{xyi75X) x=x, • (30)

To simplify the notation we shall occasionally write the pseudovector as a total antisymmetric tensor of 

third rank using the abbreviation yx yu yv = yxfiv, (A =H /.i 4= v =f= X). From (30) we may conclude that the 

term of n-th order is of the magnitude of [l2{x yxy5 z )] ”. Neglecting terms of second and higher order we 

can use (30) as an approximation assuming that it holds at every point, i. e.

U r =  + i l 2X7ocrX+ Om . (31)

From that it follows |e0 = +  \ l2(x 7 qot x) x = x 0 Axr + 0(|2) ,  Axr = xr —  x0r, (32)

and with (28 a, b)

x Q - i =  + 1 2̂ yK«»(% yx x ) x=Io -  2 l*[yl(i yQ\ y) (% yohj %)
ox*

+ 7Kuv(X 7%*X)(xyi°vX)] x=x04zT + 0 (£3) . (33)

Since the point, we have diosen, is arbitrary, we 

would obtain the same expansion everywhere. This 

permits the following interpretation: Relation (33) 

represents an expansion in “interaction” terms with 

a decreasing strength; the strength of the term of 

n-th order is roughly given by (I2)'1 whereas I2 acts 

as a kind of fundamental coupling constant. The 

first term represents apparently a “strong” inter­

action. Since we have Vx^ (x0) = 0 it follows that

(xyex),0 |z=*„ = 0 , ixysy5 X),e\x=xl> = 0  (34 a,b)

which shows that the conservation laws are only 

exact “locally”, i. e. under “strong” interactions; be­

cause at x = x0 the other terms which represent con­

sequently weaker interactions vanish as we see from 

(33). The expansion (33) makes it also plausible 

that the range of a certain type of interaction is, 

roughly speaking, the inverse of its strength, for the

convergence of the expansion requires that (assum­

ing \zyxy5x\x = xo~]- f°r the sake of simplicity)

(/2)» | *- *0|”< 1 .  (35)

Now, since the convergence is guaranted by the fact 

that the function, we have expanded is analytical 

[provided (x y\ y$ X) x=x„ is analytical], relation (35) 

is satisfied eo ipso and hence not a condition but a 

consequence.

II I .

Let us now consider the special complex transfor­

mations A  with ojxu = y]Xu . We denote the (two-com- 

ponent) spinor here by <p and mark again the vector 

and pseudovector by an upper index: Vx(A =  Vx(A), 

Px^ =  Px(A). Due to the mixing up of real and 

imaginary components, we find that none of the com­

ponents of Vx(A) and P x^  is pure real or imaginary.
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Therefore we split up the vector and pseudovector 

according to

VxW = Vx(A V + Vx(J u\ PiW  =  PSA + Pi& H)

(36 a, b)

with

Vk(AI’n> = l  ( r kW T V t*M ),

(V tW ± V 4*W ), (37 a)

PkWl> H)= I  {PkW ± P k*W ), 

p 4(, 1I,ID= ^ (/>4U )+ p4*H)). (37 b)

Using (27) we find with (4) that

Fx('dI), P£AT>~ 0{rf) ; n), P ^ n)- 0 ( ^ ) .

(38 a, b)

We demand again that Vx^ and P x^  should be 

built up from the fundamental covariants of the 

field. This leads to

Fa(‘4h) ~ ( p  yx<p and P^A n) ~ i cp yx y5 cp .

But the second relation must be excluded for reasons 

which are quite analogous to those already given in 

the preceding chapter: The conservation laws for 

cp yx (p and <p y x y 5 <p do not hold unless Vx(Ar> and 

P x vanish (resp. are sufficiently small). Again we 

can obtain by a treatment, which is similiar to the 

one given above, that the conservation laws hold 

approximately, i. e. they are locally exact. To obtain 

this we must reduce Px^  to a second order term by 

imposing a symmetry condition. This is achieved by

rjXfi = \ {&x,n — '&n,x) =  ft[x,/u] =  3 £xu,v (39)

which leaves four independent parameters. From 

(39) it follows that

=  r]x,u,v + rjuV,x + rjvx>fi =  0 (A 4= ju 4= v =1= X).

(40)

Hence, if we assume

VX(A n) = + k2 cp yx <p (41)

then Px^  and Vx(AI) are already determined by 

yX(A ii) # Thus we get

VX(A II) =  +  ((p yx y) =  q _)_ q (^2 ) ? (42 a)

Vx(J1)i p.(Al,II) „ 0 ^ 2 )  (42 b)

and the conservation laws hold approximately, i. e. 

we have

(^ 7 ° <p) . o + 0 (rf-) = 0 , { y y s y5 < p ) ,Q +  0 ( r f )  = 0 .
(43 a, b)

Since we may again at an arbitrary but fixed point 

x = x0 choose our initial condition so that we have 

rjxu (.r0) = 0, we get with

( V  7 q <P) . q I *=*„ = 0, (^  y* y5 < p ) ,g \ X= X0 =  0

(44 a, b)

again a strict local conservation. We note that the 

relations (39) and (42 a) (as well as the fact that

i (p yx can be related to the current vector) suggest 

the identification of | fix with i Ax where Ax is the 

electromagnetic field. This would lead to a certain 

type of nonlinear electrodynamics by taking into 

consideration terms of second and higher order.

We have found that the real transformations can 

be characterized by a pseudovector and the special 

complex transformations by a vector coupling. It can 

be shown (and we shall give an argument below) 

that the pseudovector coupling has a greater sym­

metry than the vector coupling. This leads to the 

assumption that the real local transformations re­

present possibly the baryonic and consequently the 

special complex transformations the leptonic inter­

actions. The latter assumption is enforced by the 

circumstance that the parameters of the local com­

plex special transformations can be related to the 

electromagnetic field in a way we have shown above. 

Hence, (34 a, b) would describe the conservation 

of electric and baryonic charge and (44 a, b) the 

conservation of electric and leptonic charge. Now, 

since the group of general complex orthogonal trans­

formations (which consists of both real and special 

complex transformations and hence would describe 

the interaction between baryons and leptons) re­

quires a four-component spinor, the question rises 

whether this is not equivalent to the introduction of 

isospin. Such an equivalence would apparently cor­

respond to the assumption that one of the isospin 

componenst is replaced by a bounded state consist­

ing of a baryon (of the other isospin component) 

and leptons. In the case of the neutron, for example, 

this would lead to the components of the /5-decay. Of 

course, one can introduce the isospin also by doubl­

ing the components of % using a representation 

y ~ o x t in which the ^-matrices are the direct pro­

ducts of the matrices of isospin and spin 6. But the 

interpretation above would have the advantage that 

it permits a distinction between “elementary” and 

“composed” baryons, thus making for example the 

instability of the neutron resp. the /?-decay plausible.

6 See H. P. D ü r r , Z. Naturforschg. 1 6  a, 327 [1961].
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IV.

If we permit both real and special complex trans­

formations, we have, with regard to the interpreta­

tion given above, an interaction between baryons 

and leptons. In order to recover the equations we 

have obained in the special cases, we assume the 

following general equation:

( / )  + [yx) Vxy + ( / )  (y5) P iy  = o (45)
ox*

with

(46 a, b, c)

whereas <p describes the lepton and x the baryon 

states. We recall that rp is in fact a four-component 

spinor (<p and % are both two-component spinors). 

However, we use for <p and % a four- and con­

sequently for y  an eight-component notation. Vx and 

Px are given by

l

Vx =  i  00aß,0 S aax(C) a^oiC) d£, (47 a)
o

l

PX= J ( - D a®^.<J «“«(0 (0 df,
0 (A 4=̂ », a, t) (47 b)

and the coupling is expressed by

Vx^  = ±k2yyx<p , Pa(ii) =  ± I2 % yx y5x . (48 a, b)

We recall that by definition

Vt<"> - i  (vk-vk'), V/'» = i  (Vi + rs),
(49 a)

= i  (P* - Pk' ) , P,m =h(Pt + Pi')
{k = 1, 2, 3) (49 b)

and that further

COJU = + t]Xu; £ki, iju real; rjkt, £4Z imaginary

(k, 1=1,2 , 3) (50)

with

£xii,v = n[xnp,v], rjx/x = '&[x,ft]. (51 a, b)

Hence, Vx and Px are determined by cp and

Neglecting terms of second and higher order and 

taking into consideration the relations (47) — (51) 

we get from (45) the following system of equations:

y* ±k2yx<p{yyx<p) ± l2 yx y*<p{x yxy5 x) « 0  ,

(52 a)

± k2yxx(vn<p) ± l2 yxy5x(xyiy5x) •

(52 b)

Within this approximation we obtain from (52 a, b) 

the following conservation laws

(V79<p ) ,q~ 0 , y9y5<p),n~'0 , (53 a, b)

(xysx).0~0 , (xy9y5x),Q~0. (54 a, b)

With regard to the interpretation given above, we 

identify them with the conservation laws for the 

electric, leptonic and baryonic charge respectively. 

It is clear from the foregoing that these conservation 

laws do not longer hold if we take into consideration 

the terms with higher order, i. e. weaker interactions.

We conclude with a remark concerning a possible 

interpretation of the electromagnetic field. Within 

the approximation we have used in (52 a, b), we 

may subject the parameters Ox to a gauge condition 

which corresponds to (53) :

#e,s^ 0 .  (55)

Recalling that we have set in agreement with the 

reality conditions | ftx = i Ax where Ak real, A4 im­

aginary, we have up to terms of higher order

+ ik s<pn <p = n  A, + 0 (A 2), (56)

which justifies an identification of Ax with the elec­

tromagnetic field. If we take into consideration the 

terms of higher order, we get apparently a type of 

nonlinear electrodynamics.

Conclusion

The foregoing considerations give a very rough 

sketch and there remains a great number of ques­

tions among which first of all are those which ask 

for the behaviour under symmetry operations. Fur­

thermore, one has to investigate in detail whether 

the isospin can be introduced in the way we have 

proposed above. We note here that in the case 

Vx~0{co2), we have two additional approximate 

conservation laws, namely for ipT C yxy and 

yjT C yx y5 , which are possibly related to the con­

servation of isospin. This proves on the other hand 

a greater symmetry of the pseudovector coupling 

since such a coupling obviously does not destroy 

the mentioned conservation laws. We recall here that 

the first order vector term is due to the ^-states 

while the ^-states produce only second order vector 

terms. This underlines the assumed connection be­

tween the real local orthogonal transformations and 

the baryon interaction on the one hand and the 

special complex local orthogonal transformations
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and the lepton interactions on the other hand. We 

note further that the quantities xpr C yx ip and 

ipT C yxy5y> are covariants not only under real but 

also under special complex transformation as can 

be proved easily by using relation (8 c). As to the 

quantization, we have already remarked above, that 

one can perhaps make use of the linearity of the 

field equation in the “intrinsic” system by writing

down the commutatorfunction in that system and 

then changing over to the “physical” system by 

means of local transformations.

The author is indebted to Prof. Dr. S c h e r z e r  whose 
critical remarks on a previous paper caused this paper 
and to Mr. F u c h s t e in e r , Mr. W a l t e r  and Mr. W in t e r  

for many helpful and stimulating discussions.

Performance of Thermal Diffusion Columns for Gas Mixtures

A. Y o u s s e f , M . M . H a n n a , and M . D. M ig a h e d  

Nuclear Physics Department, UAR, Atomic Energy Establishment, UAR

(Z. Naturforschg. 20 a, 655— 662 [1965] ; received 20 June 1964)

A systematic study of the performance of thermal diffusion columns is carried out in order to 
examine the limits of validity of the theory of isotopic mixtures in case of mixtures of gases. 
Nitrogen-carbon dioxide mixtures are used. It is found that the pressure dependence of the separa­
tion factor has the same qualitative form as that derived from the simplified theory valid for iso­
topic mixtures.

The theoretical hydrodynamics of the perform­

ance of the C l u s iu s- D ic k e l  thermal diffusion col­

umn has been examined by C lu s iu s  and D ic k e l  *, 

J e n s e n 2, and W a l d m a n n  3 of the German School; 

by F u r r y , J o n e s , and O n s a g e r  4, J o nes and F u r r y  5, 

and M cI n t e er  and R e is f e l d  6 of the American 

School; and by S r iv a s t a v a  and S r iv a s t a v a  7, and 

S a xen a  and R a m a n  8 of the Indian School.

The only well established theory known until now 

is based on some simplifying conditions 8, the most 

important of which is that the dependence of the 

coefficient of viscosity (y) , thermal conductivity 

(A), diffusion (D ) , density (£>), and thermal diffu­

sion factor (a^) on the composition of the gas mix­

ture is negligible; only temperature dependence of 

these quantities is taken into consideration. In other 

words, the only important variation of these quan­

tities with position is that due to the existence of 

temperature gradients. This condition is justified 

only in case of isotopic mixtures where the fractio­

nal difference of the molecular weight is small. An­

other important restriction imposed on the theory 

is that, in limited temperature ranges, the inverse

1 K. C lu s iu s  and G. D ic k e l ,  Z. Phys. Chem. B 44, 397 [1940].
2 H. J e n s e n , Angew. Chem. 5 4 , 405 [1941].

3 L. W a ld m a n n ,  Z. Phys. 1 1 4 ,  53 [1939].

4 W .  H. F u r r y ,  R. C . J o n e s , and L. O n s a g e r ,  Phys. Rev. 5 5 , 

1083 [1939].
5 R. C . J o n e s  and W .  H. F u r r y ,  Rev. Mod. Phys. 1 8 , 151

[1946].

power model is capable of effectively representing 

the interaction among molecules for the calculation 

of rj and D.
Under these simplifying conditions, it can be 

shown that for closed column operation at the 

steady state

ln q-H LK K c + Kt) (1)

where q is the equilibrium-separation factor and 

is the ratio of (x jx 2) at the top end of the column 

to that at the bottom end, xt being the molar concen­

tration of species i; L is the length of the column. 

The theoretical expressions for H, Kc, and K(j 

(which are functions of the transport coefficients 

of the gas mixture as well as the geometry of the 

column) indicate that these quantities are propor­

tional to p2, p4, and p°, respectively. Therefore, 

equation (1) can be put in the form

In s _ ^  (2)

where a and b are given by

a - H L p t/K ', b = Kä p*/Kc (3) 

and p is the pressure of the gas.

6 B. B. M cI n t e e r  and M . J. R e is f e l d , J. Chem. Phys. 33, 570 
[I960],

7 B. N. S r iv a s t a v a  and R. C. S r iv a s t a v a , Physica 20, 237 
[1954].

8 S. C. Saxena and S. R am an , R ev . Mod. Phys. 34, 252 [1962],


