NONLINEAR THEORY OF ELEMENTARY PARTICLES

Fie i e BANE) Vl - (20)

781‘1 a 4nrd
Damit hat sich unsere Vermutung beziiglich Formel
(11) bestatigt.

Diese letzte Gleichung resultiert auch sofort aus
transformationstheoretischen Griinden: Die Kraft-
dichte k. transformiert sich bei einer speziellen
Lorentz-Transformation wie ein Vierervektor, so
dal

klz/’:kly
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gilt. Da sich das Volumelement wie
AV =dV, V1 -v3/c
transformiert, ergibt sich fiir die Kraft
K/ =Ky, V1 -1/
Identifizieren wir das ungestrichene Bezugssystem
mit dem Ruhsystem der beiden Teilchen, in dem fiir

K,, die Couroms-Kraft steht, so finden wir genau

(20).
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It is supposed that there exists a system O” (intrinsic system) in which the field equation for a
spin } representation has the simple form yu S1’/z#’=0. This system is related to the physical
system (in which all measurements are performed) by an affine connection which is induced by a
certain group of local transformations. The investigation given here deals with the group of local
four-dimensional complex orthogonal transformations. Subjecting %’ to such a transformation
one gets with 1’ (2') =£ () v (x) the following equation y; dy/3z;+7y4 2—1302/3z%p=0. The
interaction term splits up into a vector and a pseudovector part: y* Q—130Q/3x% = yA V,+y4y5 P,.
The special cases of real local orthogonal (Lorentz-)transformations (.EM=—§M; Exy real, &y
imaginary; @ — y) and special complex local orthogonal transformations (771“: —N,;3 Mkl imagi-
nary, 74 real; p — @) are first separately considered. It is required that V; and P; are to be built
up from the fundamental covariants of the field. In order that certain conservation laws hold at
least approximately, the following assumptions are made:

Im{Vi}=tkeyrp, Re{Vi}=1key,@, Im{Px}=2PXykysy, Re{Py=2Pxy.rsx
together with the symmetry conditions for the transformation parameters, 51[,,,,‘.] =0, Napry =0,
which can be fulfilled by setting, for example, E;,:,,v:”[x Tn] s Miu=00, 4] - The remaining
parts of V; and P;, which are determined by these relations, are of higher order and can be as-

sumed to describe weaker interactions. Neglecting these terms one obtains the following set of
equations:

(@  y20y/0xt 2Ry ( @y @) x XYY (xyavsy) 21=0,

(b)  y 33t kR yi(@y; @) X By S (xya752) ¢~0.
Since the pseudovector coupling possesses a greater symmetry, it is assumed that y represents the
baryon and ¢ the lepton states. Within the approximation, which holds with (a) and (b), it follows
the conservation of x y; 7 and @ y; @ resp. (conservation of electric charge) and yxy; 75 7 and
@ y; 75 @ resp. (conservation of baryonic and leptonic charge resp.). These conservation laws are
exact only if the mentioned terms of higher order are neglected; this is equivalent to a strict
“local” conservation as can be shown. As to the isospin it is proposed to replace one of its com-
ponents by a bounded state, i. e. a mixture of y- and ¢-states which would lead in the case of the
neutron for example to the components of the f-decay. Due to the relations Tk g yi =117k,
+0(»* and ’7&«:19[1,,:4] , and in agreement with the reality conditions, it is possible to connect
the parameters ¥J; with the electromagnetic field 4; by setting ©;=8i 4; . Taking into considera-
tion terms of higher order this would lead to a type of nonlinear electrodynamics.

nection which is induced by local LorenTz-transfor-
mations. The heuristic principle which leads to this
result can be outlined as follows: Suppose there

In two papers ' 2 recently published, it has been
shown that the nonlinear term of the HEisENBERG—
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exists always a system O (“intrinsic” system) in
which the field equations are as simple as possible,
i. e. linear. This system is related to the “physical”
system O (in which all measurements are perform-
ed) by an affine connection. This connection is in-
duced by a certain group of local transformations.
Changing from O" to O these transformations pro-
duce in the field equations additional terms which
may be interpreted as describing interactions 3. Since
the corresponding transformations are restricted by
certain conditions, such as reality conditions, one
may expect only certain types of interaction. This
procedure leads of course not to any simplifications
as far as practical calculations are considered. But
it permits a classification of interactions with respect
to the corresponding affine connections resp. the
groups which induce these connections. Furthermore,
it may be of advantage to use this point of view
for the quantization of the field: Since the field
equations are linear with respect to O’ one can write
down immediately the commutator function in the
“intrinsic” system and then pass over to the “physi-
cal” system by means of the corresponding local
transformation which has of course to be determined
as a solution of the nonlinear equation in O. (This
reminds of the procedure one uses in the interaction
picture and is apparently related to it.) However,
we shall not deal here with this problem but treat
the field throughout as a classical one. As to the
affine connections we restrict ourselves to those
which are induced by the group O, of (proper) local
fourdimensional complex orthogonal transforma-
tions.

L

In the case of a field with a spin % representation,
which we regard as fundamental for well known
reasons, we assume the following equation to be the
most simple one with respect to the “intrinsic”
system:

e W _

e =0 (1)
Since we shall permit not only real but in general
complex orthogonal transformations, we must as-
sume v’ (2') to be a four-component spinor by tak-
ing into consideration that we have the following

3 The introduction of additional terms in the Dirac- and
Krein—Gorpbox-equation on the basis of local transforma-
tions has been studied by several authors; see for example
A. M. Brooskis et al., Soviet Phys.—JETP 14, 930 [1962].
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homomorphism: O, ~C, x C,". Hence, v is reducible
to a two-component spinor only if we consider real
or special complex transformations. One might ob-
ject that a complex orthogonal transformation leaves
the norm invariant yet “mixes up” the real and
imaginary components and has therefore no sense.
To answer this we point to the fact that such a mix-
ing happens only in the “intrinsic” system, whereas
all measurements have to be performed in the “phys-
ical” system which has by condition the right reality
properties (2!, 2?
become clearer from the following.

, 23 real, z* imaginary). This will

Let 2= (x) be a complex orthogonal transfor-
mation. Taking a representation in the Dirac ring
we can define such a transformation by

Q= exp{} Woo 79 70} s Wgo= —Wgp . (2)

With

w¢>a=500+7]90, b= —&op, Moo= — Moo (3)

and the reality conditions

Ekl? N4 real; 5419 Mkl imaginar)’ (ka l: ]-a 27 3) (4')

we may write
L=L((x)), A=A(n(z)) (5)

where L denotes a real transformation (LorenTz-
transformation) and /A a transformation which we
will call a special complex transformation. By writ-
ing down an infinitesimal transformation we
¥ % + *
may prove the following relations ((cix) ™ = (ck:i) »
(cir) "= (cxi)):
L=y, L'y=L,

A=y, A"yy,=A4. (6a,b)

Introducing ScawINGER’s matrix which is defined by

Cy_u C‘*l= _'/V‘“T, C7,5 C—1:y5T, (73, b)

we obtain further
CLLTC=L"1, C1ATC=A4"1, CT1OQTC=0"1
(8a,b,c)

Since £ is an orthogonal transformation we have
Q 7;' Q1= alg 7/9, Qo ath = 6/'.‘14 . (9)

Now, if we subject 3’ (2") to an orthogonal trans-
formation by

Y (2') = Q(x) y(2) (10)
we get from (1) with (9) and a*, = Cx/Qx
O O _ 1 Oy 7 0—1 98
0=2y Qaw’ v Quxt +718 Qzh Pe {1
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Using the following formula for the derivative of an
operator exponential 4,
1
4 dy) — eAW) fe~:A<y> 44 caw gz, (12)
dy dy
0
we get with (2) and (9) (comma denotes partial
differentiation)
1

.o 1 .

PTEE = L7 v oms (e @5(0) & (13)
X

0

where

T
e teytete=ar(0) yt, =1 wey2y.

(14)
With the abbreviations

1
Capi= —Cpai= 1 w01 [ a%(L) a°4(8) A& (15)
0
and
C(Qgr) = Cgut + Cum + CtQG s (Q :%: o :*: T :F Q) (]-6)

we obtain finally
le“g—ﬁ =74 C1e® +7175(— 1) Cgory (A F 0, 0,7).
(17)

It is obvious that

Vi=Ci? resp. Pi=(—1)*"Cioory (AF0,0,7)

(18 a,b)

are the components of a vector and a pseudo-
vector respectively. We may further conclude that
Ciww= — Cuiv are the components of an affine con-
nection °.

Going back to (13) we see that all the following
equations remain unaltered if we replace Q by 2, 2
where (2, is a constant nonsingular matrix. Hence,
we may choose our initial condition in a way that
at a fixed but arbitrary point z=z, we have
Q(zy) =1 which gives with

City = i () + Ore (20) (22— 7) +...
the identities
VQ»Q(IO)EO'.» PQ,Q(I())EO.
1I.

If we restrict ourselves to real orthogonal trans-
formations with @j.=&., we have Oy=Ny~C,

(19 a,b)

4 Y.L.Darerskis and S. G. Krewv. Dokl. Akad. Nauk SSSR
76,1 [1951].

5 We recall that an affine connection is usually introduced
by the concept of parallel displacement: The infinitesimal
change which a vector undergoes if displaced along a curve
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and the representation becomes reducible to a two-
component one. Yet for the sake of formal simplicity
we shall use the four-component notation. We denote
the spinor here by y and mark the vector and
pseudovector by an upper index: V¥ =V;(L),
P;'Y) = P;(L). The reality properties can be ob-
tained from (17). We find

VD, P,1) real; V,), P;(L) imaginary
(k=1,2,3).

The question we shall ask now is: How to identify
Vi't) and P;®)? Since we consider in the sense of
Heisensere the spinor field as fundamental, V(%)
and P;'") must be covariants of the field. Taking
into consideration the reality conditions this would
suggest Vi) ~i % yix and Pi") ~% y175 % . But the
first of these relations must be excluded for the fol-
lowing reason: If we write down the field equation
we have

(20)

yla%ﬁ + VD g4 Py =0. (21 a)
Taking the adjoint we get
ng P VB yh 3 Py(D yhy5 =0 (21b)

from which it follows that the conservation laws for
xviy and %Zyivsy (conservation of electric and
baryonic charge) do not hold unless V;(%) vanishes
resp. is sufficiently small. An identical vanishing
is not possible, except if we assume &1,,» = 0 which
would destroy also P;(%). But we can obtain an ap-
proximate validity of these conservation laws which
means, as we shall see, that they hold exactly only
locally, that is under strong interaction. For this
purpose we impose on the &, the following con-
dition

5}.‘1:,1}»’}' E/'.;-,‘u = 0. (22)

This can be satisfied if we assume for example

(23)
which means a total antisymmetrization. Thus there
remain four independent parameters 7, according
to the number of components of a total antisym-

metric tensor of third rank (pseudovector). This
leaves

Si.‘u, y =TT T, v]

Pl = +P%yiy5%, l=const. (24)

7=1(x) is given by d¢i=—C%,; g2(dzo/d7) d7 . If one re-
quires that the norm of a vector should remain unaltered
one obtains in the case of a euclidean metric the condition
C —-C

luv phv
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which gives the well known HeisexBerc—PauLi-term. a1 (8) =010+ C wi + O (w?)
Hence., Vi® is alrea.dy determined %)y (24). We PTo- it follows, expanding (13),
ceed in demonstrating the approximate validity of

s = = 10-192 1
the conservation laws for 7 7.7 and 7y175%. Due y* Q7177 —

Qx4

to (22) we have

(26)

}r’- '/v‘ll. yl' (waﬂ,l“‘wﬂ[a wﬂ]n)) +0(U)2).
(27)

§,=0. &foun =38y (25a,b)  From this we get with ;. =&, and (25a,b)
Now, since we have from (14) Vil = — £ (£2980) 0 + O (&%) ~O(£2), (28a)
PO =2P7yiysg = (=1)% Blear +50obnn) +0(8) ~0(8) (oFoFt+0; A+ 0,0,7).  (28D)
Hence we have from (21 a, b)
(X272 8).e+0(E) =0, (X7°7°%),.+0(£2) =0 (29a,b)

which shows that the conservation laws hold in general only approximately up to terms of second order
[however, we have V%" +0(&) =0]. The assertion we have made above, namely that the conservation
laws hold exactly under strong interactions, will become clear from the following: As we have pointed out
in the preceding chapter, we may choose our initial condition always in a way that at a fixed but arbitrary
point x =z, we have &.(x,) =0 and hence

Pl(uix=r‘, = ( = 1)} % EQO,I ]1:1., = ilZ(i Vi )/5 X) =y (30)

To simplify the notation we shall occasionally write the pseudovector as a total antisymmetric tensor of
third rank using the abbreviation y*y*y" =y* (A% u=+v+1). From (30) we may conclude that the
term of n-th order is of the magnitude of [(% .75 %) ]". Neglecting terms of second and higher order we

can use (30) as an approximation assuming that it holds at every point, i. e.

596,1 = 1 %12 2 }’001 Z+ 0(52)-
From that it follows Eoo=F 4 (A Yoot ) =z, A7+ 0(&?),

and with (28 a, b)

(31)
(32)

A" = ¥ — 2y,

( 9 Ty (= 9 Ll w00 ] 5
% Q182 _ 4 1Py Gy ) e=z, — § B[P (L yee 1) (X yoio 1)

Qxh

74 (77 2) (% pion 1)) 22, B+ 0(8) .

Since the point, we have chosen, is arbitrary, we
would obtain the same expansion everywhere. This
permits the following interpretation: Relation (33)
represents an expansion in “interaction” terms with
a decreasing strength; the strength of the term of
n-th order is roughly given by (1?)" whereas [* acts
as a kind of fundamental coupling constant. The
first term represents apparently a “strong” inter-
action. Since we have V;'L)(z;) =0 it follows that

(i }’Ql),o],5=ra =0, (i Vg}/sl),o|1=,rn =0 (34a,b)

which shows that the conservation laws are only
exact “locally”, i. e. under “strong” interactions; be-
cause at =2, the other terms which represent con-
sequently weaker interactions vanish as we see from
(33). The expansion (33) makes it also plausible
that the range of a certain type of interaction is,
roughly speaking, the inverse of its strength, for the

(33)

convergence of the expansion requires that (assum-
ing | 772757 sz ~1 for the sake of simplicity)
(35)

(B)"|z—a; |21
Now, since the convergence is guaranted by the fact
that the function, we have expanded is analytical
[provided (% yiy5 %) «=x, is analytical], relation (35)
is satisfied eo ipso and hence not a condition but a
consequence.

II1.

Let us now consider the special complex transfor-
mations A with . =i, . We denote the (two-com-
ponent) spinor here by ¢ and mark again the vector
and pseudovector by an upper index: V;) = V3(A),
PV = P;(A). Due to the mixing up of real and
imaginary components, we find that none of the com-
ponents of V;“!" and P;"! is pure real or imaginary.
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Therefore we split up the vector and pseudovector
according to

Vi) _ (4D L (A1 pid) _ p(4D) 4 p,(4T)

(36a,b)
with
VUL b (7,0 F V),
VAL (7,0 £y, ), (37a)
PALI) — L (P,(4) + P, ),
P ML) — L (P, F P, (37b)

Using (27) we find with (4) that
ViAD, P LOo(R); VA, A L O (y).
(38 a,b)

We demand again that V;Y and P should be
built up from the fundamental covariants of the

field. This leads to
Vil A~ @yip and PUWNi@yiyse.

But the second relation must be excluded for reasons
which are quite analogous to those already given in
the preceding chapter: The conservation laws for
@ yi@ and @ yiys@ do not hold unless V1D and
P;V) vanish (resp. are sufficiently small). Again we
can obtain by a treatment, which is similiar to the
one given above, that the conservation laws hold
approximately, i. e. they are locally exact. To obtain
this we must reduce P;-! to a second order term by
imposing a symmetry condition. This is achieved by

Nip= % (l()l.‘u = l?.u,/'.) = '19[/'.,_11] = 3 S/‘.‘u,v (39)

which leaves four independent parameters. From

(39) it follows that

Ny = Niu,v + Nuv, i + MNvdyu = 0 (/: :’: u # 14 # ;.) 5
(40)

Hence, if we assume

Vi = + 12 Gy (41)

then P;-V and V'V are already determined by
V(11D Thus we get
Vit = £ (@ yag) = 1 mi2. + 0 (%),

V4D, pALID L0 (52)

(42 a)
(42 b)
and the conservation laws hold approximately, i. e.

we have

(@r29),e+002) =0, (Fr2y59),o+0(n?) =0.
(43 a, b)
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Since we may again at an arbitrary but fixed point
2 =1z, choose our initial condition so that we have
N1 (29) = 0, we get with

((7779(P)-0|I=Io=05 (@797’5@),911:“:0

(44 a,b)

again a strict local conservation. We note that the
relations (39) and (42 a) (as well as the fact that
L @ yi@ can be related to the current vector) suggest
the identification of ¢ ¥; with i 4; where A; is the
electromagnetic field. This would lead to a certain
type of nonlinear electrodynamics by taking into
consideration terms of second and higher order.
We have found that the real transformations can
be characterized by a pseudovector and the special
complex transformations by a vector coupling. It can
be shown (and we shall give an argument below)
that the pseudovector coupling has a greater sym-
metry than the vector coupling. This leads to the
assumption that the real local transformations re-
present possibly the baryonic and consequently the
special complex transformations the leptonic inter-
actions. The latter assumption is enforced by the
circumstance that the parameters of the local com-
plex special transformations can be related to the
electromagnetic field in a way we have shown above.
Hence, (34 a,b) would describe the conservation
of electric and baryonic charge and (44 a,b) the
conservation of electric and leptonic charge. Now,
since the group of general complex orthogonal trans-
formations (which consists of both real and special
complex transformations and hence would describe
the interaction between baryons and leptons) re-
quires a four-component spinor, the question rises
whether this is not equivalent to the introduction of
isospin. Such an equivalence would apparently cor-
respond to the assumption that one of the isospin
componenst is replaced by a bounded state consist-
ing of a baryon (of the other isospin component)
and leptons. In the case of the neutron, for example,
this would lead to the components of the f-decay. Of
course, one can introduce the isospin also by doubl-
ing the components of y using a representation
y~0x 7 in which the y-matrices are the direct pro-
ducts of the matrices of isospin and spin 6. But the
interpretation above would have the advantage that
it permits a distinction between “elementary” and
“composed” baryons, thus making for example the
instability of the neutron resp. the f-decay plausible.

6 See H. P. Diirr, Z. Naturforschg. 16 a, 327 [1961].
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IV.

If we permit both real and special complex trans-
formations, we have, with regard to the interpreta-
tion given above, an interaction between baryons
and leptons. In order to recover the equations we
have obained in the special cases, we assume the
following general equation:

() 3+ N Viw+ (1) () Pip =0 (45)
with

() -

whereas ¢ describes the lepton and x the baryon
states. We recall that v is in fact a four-component
spinor (¢ and y are both two-component spinors).
However, we use for ¢ and x a four- and con-
sequently for v an eight-component notation. V; and
P; are given by

0 ,5) — (7P 0
e 0V =(7 5

0 ¥
(46 a, b, c)

1
Vi=} wapo [au(0) & (0) A2,  (47a)
0
1
Pi= 1} (=)} wapce | a%(0) oy (£) AL,
0 (AF0,0,1) (47Db)

and the coupling is expressed by
Vil — £ 2@y, PiW =227 yiy5%. (48a,b)
We recall that by definition

Vit =% (Vi =V, VW=3%+Vy),
(49 a)

Pk(I> = % (Pr—Pi"), P4(U = ?1-3_ (P4 + P4*)

(k=1,2,3) (49Db)

and that further

Erts My reals . &y imaginary

(k,1=1,2,3) (50)

Wiy = El‘u + Naus

with

(51a,b)

Hence, Vi and P; are determined by ¢ and g.
Neglecting terms of second and higher order and

taking into consideration the relations (47) — (51)

we get from (45) the following system of equations:
IRV e@re) TPV ey =~0,

(52 a)

g}.‘u,v =T[4 Tu,v] s Niu= 19[/'.,‘11] .

. 9 _ ) B
7’81‘71 ik27}'1((p}/xfp) il?;,/.;,sx(zy)ysx) 0.
(52b)
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Within this approximation we obtain from (52 a,b)
the following conservation laws

(@r°®),e=0, (Pr2y5¢)..~0, (53a,b)
(7_6791),9%0, (54'3’}))

With regard to the interpretation given above, we
identify them with the conservation laws for the
electric, leptonic and baryonic charge respectively.
It is clear from the foregoing that these conservation
laws do not longer hold if we take into consideration
the terms with higher order, i. e. weaker interactions.

We conclude with a remark concerning a possible
interpretation of the electromagnetic field. Within
the approximation we have used in (52 a,b), we
may subject the parameters ¥; to a gauge condition
which corresponds to (53):

'(99, 0==0.

(X7 7°2).0~0.

(55)
Recalling that we have set in agreement with the
reality conditions § 91 =i A; where 4, real, 4, im-
aginary, we have up to terms of higher order

Fikgny=04+0u), (O=2 2 56)

Qxo Qxo

which justifies an identification of A; with the elec-
tromagnetic field. If we take into consideration the
terms of higher order, we get apparently a type of
nonlinear electrodynamics.

Conclusion

The foregoing considerations give a very rough
sketch and there remains a great number of ques-
tions among which first of all are those which ask
for the behaviour under symmetry operations. Fur-
thermore, one has to investigate in detail whether
the isospin can be introduced in the way we have
proposed above. We note here that in the case
Vi~O(»?), we have two additional approximate
conservation laws, namely for yTCyiy and
wT C y1y5y, which are possibly related to the con-
servation of isospin. This proves on the other hand
a greater symmetry of the pseudovector coupling
since such a coupling obviously does not destroy
the mentioned conservation laws. We recall here that
the first order vector term is due to the ¢-states
while the y-states produce only second order vector
terms. This underlines the assumed connection be-
tween the real local orthogonal transformations and
the baryon interaction on the one hand and the
special complex local orthogonal transformations
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and the lepton interactions on the other hand. We
note further that the quantities ywTCy,y and
wT C yiysy are covariants not only under real but
also under special complex transformation as can
be proved easily by using relation (8c¢). As to the
quantization, we have already remarked above, that
one can perhaps make use of the linearity of the
field equation in the “intrinsic” system by writing
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down the commutatorfunction in that system and
then changing over to the “physical” system by
means of local transformations.

The author is indebted to Prof. Dr. Scuerzer whose
critical remarks on a previous paper caused this paper
and to Mr. FucusteiNer, Mr. Warter and Mr. WinTER
for many helpful and stimulating discussions.
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A systematic study of the performance of thermal diffusion columns is carried out in order to
examine the limits of validity of the theory of isotopic mixtures in case of mixtures of gases.
Nitrogen-carbon dioxide mixtures are used. It is found that the pressure dependence of the separa-
tion factor has the same qualitative form as that derived from the simplified theory valid for iso-

topic mixtures.

The theoretical hydrodynamics of the perform-
ance of the Crusius—DickeL thermal diffusion col-
umn has been examined by Crusius and DickeL?,
Jensen 2, and WaLpmann 3 of the German School;
by Furry, Jones, and Oxsacer 4, Jones and Furry 5,
and McInteer and ReisreLp ® of the American
School; and by Srivastava and Srivastava?, and
Saxena and Raman 8 of the Indian School.

The only well established theory known until now
is based on some simplifying conditions 8, the most
important of which is that the dependence of the
coefficient of viscosity (%), thermal conductivity
(4), diffusion (D), density (o), and thermal diffu-
sion factor (ar) on the composition of the gas mix-
ture is negligible; only temperature dependence of
these quantities is taken into consideration. In other
words, the only important variation of these quan-
tities with position is that due to the existence of
temperature gradients. This condition is justified
only in case of isotopic mixtures where the fractio-
nal difference of the molecular weight is small. An-
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